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The unsteady flow within a spinning cylinder
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A theoretical analysis is given of the unsteady flow of a liquid within a cylinder
of finite length started suddenly so as to spin about its axis. It is found that a
secondary flow, caused by the end walls of the cylindrical container, has a strong
effect on the generation of spin in the liquid. In the vicinity of the end walls
the fluid motion is characterized by a boundary-layer flow, which can be either
laminar or turbulent. The fluid within the boundary layers rotates faster than
that at a large distance from the end walls, and therefore is thrown, by centrifugal
forces, radially outwards. The radial outflow in the boundary layer creates a slow
secondary motion within the spinning liquid. Due to the secondary flow, the
transport of angular momentum from the walls to the interior is accomplished
by convection rather than diffusion. A treatment is given for both laminar and
turbulent end-wall boundary layers. The theoretical results are compared with
experimental observations and good agreement is found.

1. Introduction

It is well known that spin-stabilized shells can become dynamically unstable
if they are filled with a liquid. According to a theoretical analysis of Stewartson
(1959), the stability of a shell containing a cylindrical liquid-filled cavity can be
predicted if the liquid is in rigid-body rotation.

However, for a liquid of small viscosity, a relatively long time is required for
the liquid to reach full spin, and, during the transition period, the shell might
become dynamically unstable even though it might be stable at its final state
if the liquid attained rigid-body rotation. In the course of experimental investi-
gations (Karpov 1962), severe dynamic instabilities of liquid-filled spinning
shells have been observed in cases where the shell should have been stable
according to Stewartson’s theory and the assumption of rigid rotation of the
liquid filler. In order to extend the prediction of instabilities in such cases, it
appeared desirable to analyse the problem of unsteady fluid motion within a
cylinder, suddenly started spinning about its axis.

If the cylinder is infinitely long, a solution to the problem is obtained without
difficulty, but the expectation that this solution might be approximately valid
for slender but finite cylinders proves to be wrong. It is found that the effect of
the cylinder ends on the fluid motion is not only not negligible, but dominating.
The fluid motion is entirely changed by the presence of a secondary flow induced
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by the cylinder ends. The secondary flow convects spinning fluid from the walls
into the interior of the cylinder and, as a consequence, the fluid attains rotational
motion many times faster than without secondary flow. In the following, a
theoretical analysis is given of the unsteady flow within a cylinder which is
started spinning about its axis of rotation. The results are then compared with
some experimental data obtained: (1) from spin decay data of liquid-filled
shells; and (2) from direct observations of the secondary flow within a spinning
transparent cylinder.

2. Theoretical analysis of the flow
2.1. Structure of the secondary flow

The diagram in figure 1 shows an axial section and a cross-section of the spinning
cylinder. The height of the cylinder is 4, the radius a. In the following analysis,
we use a polar co-ordinate system 6, r, z with the origin in the centre as shown in

>,
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Figure 1. Axial section and cross-section of spinning cylinder.

figure 1. The velocity components are v, 4, w, respectively. The Navier-Stokes
equations in these co-ordinates for a flow having rotational symmetry are
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3(ru)+3(rw) —o0. (1d)
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The boundary conditions areu =w =0, v=wratz= t+ih,andu =w =0,
v=aw atr =a,withu,v=0atr =0.
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Let us assume that at time ¢ = 0 the cylinder is started spinning about its axis
of rotation with the constant or time-dependent angular velocity w.

If the cylinder is infinitely long, i.e. - co, the equations (15), (1¢) and (1d)
with the corresponding boundary conditions can be satisfied by

u=w=0, —z—::: y —_— =,

and equation (1a) reduces to a lintar differential equation,

ov v ovfr
=7 (Wf?{)’ (2)

where v depends on r and ¢ only. No such solution with u = w = 0 is possible if
the cylinder has a finite length. In the vicinity of the end walls, z = + }A, the
circumferential component » must depend on 2z and, according to equations (15)
and (1¢), the velocity components «, w must be different from zero. In fact, the
fluid particles at the cylinder ends rotate with the velocity of the walls and
are therefore subject to centrifugal forces. Because of these centrifugal forces,
the particles close to the end walls are driven outwards, creating a secondary
flow with velocity components #,w. We can assume, however, with the reserva-
tion of a final proof, that the secondary motion u, w is very slow except in a thin
boundary-layer region at each of the end walls. Thus, we can divide the entire
flow region in two parts, the boundary-layer region close to the end walls and
the rest of the flow, which we will call the core flow. A similar flow structure was
found by Ludwieg (1951) for the steady flow in a rotating duct, and the following
considerations will be analogous to those given by Ludwieg (1951).

2.2. Approximate equation for the core flow

Let us use the notation v, %,, wy, P, for the velocity components and the pres-
sure in the core flow. If we apply equation (14) to the core flow, we can neglect
the terms containing u, w, according to our assumption that the secondary
motion is very slow in the core flow, and we have approximately
1o ;
2 _a&) =% (3)
per r
From equation (1c¢) we observe that the axial pressure gradient dp,/dz is very
small; or, within our approximation, we can assume that the pressure is inde-
pendent of z. But then, according to equation (3), v, must be independent of z,
and equation (1a) applied to the core flow gives
v, N %, ow,fr
e 200 S0 . 4
a +u°(3r+r ”(ar2+ or )
Since vyisindependent of z, it can be seen from (4) that u, must also be independent
of z. Thus (4) reduces to a partial differential equation in the independent
variables » and ¢.
Before we can solve (4) for the circumferential component v,, we must have an

additional relation which allows us to express the other dependent variable
25 Fluid Mech. 20
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u, in terms of vy The required additional relation between %, and v, will be given
by the coupling between boundary-layer flow and core flow.

2.3. Boundary-layer flow

Since the flow within the spinning cylinder must be symmetric with respect to
the middle plane z = 0, we can restrict our analysis to the boundary layer
at one of the end walls, say 2 = —1h.

The boundary-layer equations can be obtained from the Navier-Stokes
equations (1a) to (1d), applying the usual boundary-layer simplifications. The
radial pressure gradient within the boundary layer can be replaced by the pres-
sure gradient of the ‘outer’ flow, i.e. the core flow in our case. Thus, according to

(3),

1op 4§
por  r’

The friction forces reduce to v(6%v/02%), etc. Although the boundary-layer flow
is unsteady, we can treatit as a quasi-steady flow, i.e. the local acceleration terms
ov/ot, ete., can be neglected. Apart from a very short acceleration period, after
the cylinder starts to spin, the local acceleration terms are very small compared
to the convective terms. During the acceleration period, the flow at each of the
end walls is essentially the same as the flow on an impulsively started rotating disk.
The unsteady boundary-layer flow on an impulsively started rotating disk
was investigated by Thiriot (1940). According to Thiriot’s solution, the duration
of the acceleration period is =~ 2/w, i.e. after a fraction 77! of a revolution the
boundary-layer flow is almost steady. We can, therefore, ignore the acceleration
period and consider the boundary-layer flow as quasi-steady for all time. The
boundary-layer equations are then

or 2 7 r o a)
ov ) o v
o(ru) o(rw
%+—(5z—) = 0. (5¢)

For convenience we change our co-ordinate system, so that the lower end wall
of the cylinder is given by z = 0. The boundary conditions, then, are

v=rw, =0, w=0 at z=0;
} (5d)

v=1y(r,t), u=0 at z=oc0.

v, enters into our boundary-layer problem twice; first, it occurs in equation
(5a), and secondly, it enters into one of the boundary conditions. For any
given outer flow vy(r), the boundary-layer flow is determined by the equations
(5a, b,c) and the boundary conditions (5d). Thus, we have a coupling between
the boundary-layer flow and the core flow.

The boundary-layer equations (5a, b, ¢) have been the subject of many
investigations. von Karman (1921) considered the flow.on a rotating disk in a
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fluid at rest (v, = 0) and obtained approximate solutions using the integral
method he invented. A more accurate solution to the same problem was calcu-
lated by Cochran (1934). The problem of rigid-body fluid rotation over a station-
ary disk was solved by Bodewadt (1940).

Batchelor (1951), Stewartson (1958), Rogers & Lance (1960) and others
investigated the more general problem of a fluid in rigid-body rotation over a
rotating disk. A common feature of the above-mentioned flows is that they have
similarity solutions, where the velocity components take the form v» = rGQ(z),
u = rF(z), w = H(z). These similarity solutions are also solutions of the exact
Navier—Stokes equations, since the terms, which are commonly neglected in
boundary-layer theory, vanish identically. Ludwieg (1951) and Squire (1953)
linearized the boundary-layer equations (5a, b, ¢) for the case of small distur-
bances about a state of rigid rotation. In the linearized form, the equations
(5a, b, ¢) reduce to a set of ordinary differential equations, which are linear.

For general v,-distributions, when neither linearization nor the assumption
of similarity flow is applicable, approximate solutions may be obtained by using
the momentum-integral methods. Mack (1962, 1963) has applied the momentum-
integral method (1962) and a simplified momentum-integral method (1963)
to rotating flows on a stationary disk. The latter method, which makes computa-
tions easy, could be extended to our case of rotating flows on a rotating disk.
While the momentum-integral method does not give the exact shape of the
velocity profiles, it provides fairly good approximations to certain integral
values, e.g. the radial mass-flow within the boundary layer, which is

8
M(r) = 27rrpfu(r, z) dz,
0

where ¢ is the boundary-layer thickness. When the radial mass-flow distribution
M (r) has been determined—for a given distribution of v,(r)—the radial velocity

in the core flow, uy(r), can be found.
Making use of the condition that the total radial mass-flow (within the two

boundary layers and the core flow) must be zero, one obtains

2mr p [2f:u(r, z)dz + huo(r)] =0, (6)

8
or — Lhuy(r) = f . u(r,z) dz.

Thus, we have a functional dependence
uo(r) = Fy(r)]. (7)

This means that for any given distribution of vy(r) we can find the distribution
of u,(r). In principle we could now express u, in equation (4) in terms of v,
making use of the functional dependence (7). But aside from the fact that we
cannot give an explicit formula for uy(r), the relation (7) will be much too com-
plex to enable us to solve (4). Thus we have to confine ourselves to a simple

approximation for the relation (7).
25-2
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2.4. Approximate formula for uy(r)

At the beginning of the fluid motion the circumferential component of the core
flow, v, is zero and the boundary-layer problem reduces to the problem of the
rotating disk flow, which was solved by Cochran (1934). According to Cochran’s

solution we have ® o\3
f udz = 0-443 (——) 10, (8)
0 9]
and hence, from equation (6),
—1hu, = 0:443 (v/w)tro. (9)

If on the other hand the fluid finally attains the state of rigid rotation (v, = rw)
the boundary-layer equations (5) have the trivial solution » = rw, u = w =0
and hence %, = 0.

The simplest possible approximation for general v, distributions then is to

assume that —1hu, = 0-443 (vw)t (ro —v,), (10)

which is a linear interpolation between the two extreme cases. We can test the
validity of this approximation in a few other cases. If the core flow is almost
a rigid-body rotation with the angular velocity w, i.e. v, = ro +v, and v} < rw,
the boundary-layer equations (54, b, ¢) can be linearized. In doing this we trans-
form Vo =10+, u=u, v=ro+v, w=w, (11)
where the primed quantities are small compared with rw. Substituting (11)
into (5a, b) and neglecting terms of higher than first orderin the primed quantities,
equations (5a, b) become

V(0%'[02%) — 2wu’ = 0, V(0% [02%)+ 2w(v" —v,) = 0. (12)

These linearized equations were used by Ludwieg (1951) for the boundary-layer
flow in a rotating duct. With the boundary conditions

vV=0, w'=0, at z2=0; v =9, u' =0, at z=o0,
equations (12) are satisfied by

v = vj[1—cos{(w/v)iz}exp{—(0/v)tz}], % = —v;sin{(w/v)tz}exp{—(w/r)tz}.

(13)
For the radial component in the core low u, we have, according to (6),
—Jhuy(r) = fo w' dz = — L] (v/w)}.
If we replace v; according to (11) by — (rw—1v,), we have
—}huy = 0-500(v/w)? (ro —v,). (14)

This formula for u, is similar to the linear interpolation formula (10) except that
the factor of 0-500 in (14) is 13 9, larger than the factor 0-443 in (10), so that the
error in the approximate formula (10) in this case is 13 9,. For the case when the
outer flow is a rigid rotation with the angular velocity Q,i.e. v, = rQ, the bound-
ary-layer equations (5) have been solved by Rogers & Lance (1960) for several
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values of Q/w. According to the solution of Rogers & Lance, the radial flow
integral is given by

—$huy = fw udz = (vjw)trof(Qlw), (15)
0

where the function f(/w) is shown in figure 2. If we apply our approximation
formula (10) to the case when v, = rQ, we get

—huy = 0-443(v/w)t ro (1 — Q/w). (186)

f(Q/w) (Rogers & Lance)

3 _S 03 0-443(1—Q/w ) (linear interpolation)
—l2
02
01
05 10
Qlw

Fioure 2. Radial flow integral as a function of Q/w. , Rogers & Lance (exact);
— — —, linear interpolation, [0-443(1 — Q/w)].

Thus the function f(Q/w) has to be compared with the approximate expression
0-443 (1 — Q/w), which is shown by the dotted line in figure 2. The agreement
is good enough for us to consider equation (10) a reasonable approximation in
this case also. Whether or not equation (10) is approximately valid for the actual
velocity profiles vy(r,t) can be checked after obtaining the solution for v,(r,?).
A calculation of the radial flow integral for some of the obtained velocity profiles
vp(r, ) has been done, based on the simplified momentum-integral method of
Mack (1963). The u, values obtained from these calculations have been com-
pared with the approximate values from equation (10) and the agreement found
to be good within the accuracy of the momentum-integral method, which is
about 15 9,. Thus, we can conclude that the error of the approximation (10) for
U4, is probably not larger than 15 9.

Using the notation Re = a?w/v for the Reynolds number, equation (10) can

be written as Uy = — 0-443(2a/h) Re~* (rw —v,) (17)

or, with the notation b — 0-443 (2a/h)Re—’}, (18)

as uy = — k(ro —v,). (19)
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2.5. Solution for vy(r,?)
After substituting (19) into.(4) the equation for v, is

0., o ) < (22, 201
8t + k(v rw)(ar+r)—V(a7‘2+ o | (20)

where k& = 0-443 (2a/h) Re~%. The initial and boundary conditions are

v, O,

=0 for t<0, vy=aw for r=a and £3>0.

Let us restrict our analysis at this point to the case of constant w (i.e. the
cylinder is started spinning with constant angular velocity o at ¢ = 0). In many
cases, we can neglect the friction terms on the right-hand side of equation (20)
as compared with the convection terms. To see this we multiply equation (20)
by l/aw? and, introducing the dimensionless variables v* = vy /aw, r* = rja
equation (20) becomes
ov* ov* o* 1 (o%* & v*
8_a)—t+k(v*—r*)(57_*+ﬁ)=ﬁ( ),

with the boundary conditions

v¥=1 for r*=1 and wt> 0.

P s (21)

It can be seen from equation (21) that the solution v* is a function of kwt, r*
and the dimensionless parameter kRe = 0-443 (2a/h) Re?, i.e.

v* = f(r*, kot, kRe).
If kRe = 0-443 2aRe}/h > 1, then the viscous terms at the right-hand side of
(21) become small except for small times when the gradient dv*/or* is large near

the wall r* = 1. For not too small times and £Re > 1 we can therefore neglect the

viscous terms and the solution of the inviscid equation is
v* = (r¥ ol _ 1/p¥)/(e?kel 1) for r¥ > e—kul,
v¥ =0 for r* g e Fel, (22)

A plot of the v*-profiles (equation (22)) for different times is shown in figure 3.

1.0

vo/aw

w / 15 10/ kot=05

1-0
rla

F1ioure 3. Velocity profiles for the core flow.
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It is remarkable that the solution (22) also satisfies the complete equation (21)
with viscous terms except at the point r* = ¢~*“ where the first derivative is
discontinuous. The inviscid equation is of the first order in the derivatives and
hence only the solution function has to be continuous, while the complete equa-
tion has second-order derivatives and the solution must have continuous
derivatives. The effect of the viscosity, therefore, will be to smooth the corner
at r* = e~*!, With the solution (22) for v, the other flow components u,, w, can
be obtained at once. First of all we have, from (19)

Uy = — k(ro —v,).

From the equation of continuity (1d) and the condition that the flow must be
symmetric about the plane z = 0, it follows that

z 0(ru,)
T 67‘0 ) (23)

Wy =

Within the core flow we can distinguish two regions.
Region 1: 0 < r/a < e~%t;

Region 2: e < rfa < 1.

According to equation (22) the particles in region 1 do not rotate (i.e. v, = 0)
while the particles inregion 2 rotate with the velocity v, = awv* given by equation
(22). Regions 1 and 2 are separated by the cylindrical front r/a = e~*“, which
moves towards the axis r = 0.

It can be shown that the particles in region 1, i.e. the particles ahead of the
moving front, remain ahead of it until they hit one of the boundary layers at the
end walls z = + }h. To see this, we compute the trajectories of the particles in
region 1. From v, = 0 it follows that u, = — krw and w, = 2kzw (equation (23)).

From dridt = uy = —kro, dz/dt = wy = 2kzw, (24)
we obtain by integration
r=roeF, 2z =z ekl =z (ry[r)?, (25)

where (7,,2,) is the particle position at ¢ = 0. The trajectories (25) are entirely
in region 1, so that the solution (25) is compatible with the supposition v, = 0.

Thus we obtain the following flow picture: after the cylinder is started at
t = 0, the fluid particles move along hyperbolas given by (25) until they hit the
boundary layer at one of the end walls z = 1 }A; in the boundary layer the
flow direction changes rapidly, the particles acquire rotational motion and are
thrown radially outwards until they emerge from the boundary layer at some
distance behind the moving front r/a = ¢~*¢, now having a rotational component
vy according to equation (22). The rest of the trajectories are entirely in region 2.

Actually, this flow picture will be modified slightly. The particles can acquire
rotational motion in region 1 by the action of the viscous force term in equation
(21) which has been neglected so far. This will also slightly modify the trajectories

given by equation (25).
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2.6. Equations for the angular momentum
Of particular interest is the total angular momentum of the liquid within the

cylinder, which is a
I= ph.27rf r2ydr. (26)
0

An equation for the angular momentum 7 can be obtained from equation (20).

To this end, we multiply equation (20) by 2 and integrate from r = 0 to r = a.

If we consider that do, vy 1(ruy)
—_— 3t = ———
or r r or

2

this gives

[%f r2vodr+kf (rvy—rw) (m(’)d] far 367(16(220)) r.  (27)

The second integral consists of two terms: the first one gives

B[ oo 25 ar = b,
0 or
while the second term can be integrated by parts to give
a
— ko f w") dr = [—kordv ]G+ 2k¢uf 2, dr.
0

Considering that v, = aw for r = a, the second integral of equation (27) gives

0

lcf (rvy — riw) 6(21;0) dr = — Ykatw? + 2k f ’ r2y,dr.

The integral at the right side of equation (27) becomes, after integration by parts,

vf: 2 % (; ﬁ(grL“)) dr=v [r 6(2:)")]:—— v[2rv,]¢ = vad (%%";/Q)ka.

We thus get the equation

0
. r2y,dr = vad (—(v#/r))r:a. (28)

4 fa riv dr — tkate? + 2k¢ufa
dt)o
According to (26) the value of the angular momentum is
I= 27rhpfar21;0dr.
0

In the final state, i.e. when the liquid approaches rigid-body rotation v, = rw,
the angular momentum becomes

I, = 27Thpfa rodr = 2mhp (a'w/4). (29)
0

The ratio of the angular momentum I to its final value I is then

I fa 2, dr/};a“a).
Iw 0
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After dividing equation (28) by }atw, it can be written
d (I I 4y (0(v]r)
(i)l = (%) L )
If we again neglect the viscous term at the right side of equation (30), the equa-
tion can be integrated at once to give
I/, = (1~ e-2kui) (31)

This result, of course, could also have been obtained by integration from the
solution (22) for the velocity profiles v* = vy /aw.
In order to improve the solution (31) we have to take into account the friction

term 41 ( B(wo/r)
aw\ or J,_,
of equation (30). This can be done within a fairly good approximation by assum-
ing the approximate shape of the velocity profiles v,(r) and expressing
[o(vy[r)]or),—, in terms of I/I_.

Since the contribution of the viscous term is small, it appears reasonable to
assume that the v,-profiles will have essentially the same shape as the profiles
that we have obtained as solutions of the inviscid equation. Thus, we may

assume profiles of the form
volaw = (A% [a—alr)/(42—~1) for rla > A‘l,} (32
vplaw =0 for rla < A7, )

where A4 is a function of time. For the case where the viscous term is wholly
neglected, the solution for vy/aw was given, according to equation (22), by the
profiles (32) with A = e*«t,

It might be mentioned that the v, profiles (32) satisfy the compatability

condition °
(a 'Uo+a(’l)0/r)) — 0’ (33)
r=a

or? or
which is obtained by evaluating equation (20) at » = a. Using the v, profiles

given by (32) we have vl %)
(*2) -2, (34
T=Q
while I, =1-4"2 (35)
Thus, from (34) and (35) we obtain
o)) 2efl
( o ) _ " |l 1. (36)

Inserting (36) into (30) we have
d(lI I 8v[I,
?l_t(lw)”kw[f;_l] Ta [I _1]’

or, after dividing by o,
d(I/Iw)+2k[i_1] =i[17°°_1]. (37)
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It should be mentioned that the approximation for [o(v,/r)/or},_, given by
equation (36) is not very sensitive to the special choice of velocity profiles.
Although the very early v,-profiles are somewhat different from those given in
equation (32), the expression (36) is still a good approximation.

It can be shown from equation (37) that for sufficiently small times the
friction term is dominant however large kRe is. The equation for v, is then

o/t = v(2%0,/0r?), (38)

which is obtained from equation (20) by neglecting the convection terms and
v(v,fr)/or compared with v(8%v,/0r?). The solution of (38) is

(a~)v/t)
ve(r, f) = aw [1 - f eV dy] (39)
With the velocity profiles given by equation (39) one would have

(w,/r) __§91___ wl,
(ar r—a aal 2% T

while equation (36) gives approximately

(5)_-525

since for small times I, /I > 1. Thus, we see that equation (36) is a reasonably good
approximation even for the very early velocity profiles.

The differential equation (87) now has to be solved for the initial condition
I/I_ = 0att=0.The solution for /I can be given implicitly

2kwt=1+;/;cR [log(l /L) + 75 10g(1+ikReI/I )] (40)

For kRe — oo the solution (40) reduces to 117 /Iw = ¢~2 j e, the inviscid solu-
tion given by (31). For very small times, or more precisely for I/I <€ 1 and
}kRel|I,, < 1, equation (40) gives I/I, = 4(wt/Re)}, i.e. the angular momentum
increases as the square root of ¢.

The validity of the preceding results is restricted to the case where the angular
velocity of the cylinder, w, remains constant after the cylinder is started. If
w is not constant, it is advantageous to introduce the dimensionless quantity

I 4 [
o o 2 4
I A a4wof0 voridr, (41)

where w, is a constant reference angular velocity and I, is a reference angular

momentum, a
I, = Zﬂphf worddr,
0

the latter corresponding to a rigid rotation with angular velocity w,. Dividing
equation (28) by }a‘w} and substituting {o(vy/r)/or},_, according to equation (36)
we have

ar* )\t ) 8 w[low

2 Bl x_ Yo 222

dwot+ 2k0(‘”o) [I ] [ * 1] ’ “2)
where Rey = a?w,/v and  k, = 0-443 (2a/h) (Re,)3.
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Equation (42) has been used to calculate the spin decay of a liquid-filled shell.
If a shell containing a liquid-filled cylindrical cavity is started impulsively to
spin about its axis of rotation, the liquid continuously absorbs angular momen-
tum, thus reducing the spin until the liquid finally attains rigid-body rotation.
Let A be the axial moment of inertia of the empty shell, w the instantaneous
angular velocity and I the angular momentum of the liquid; then, from conserva-

tion of angular momentum,
I+wA = const. = wy A4, (43)

where w, is the initial angular velocity when the liquid is at rest. According to
(43) we can express I by w I = Awy(1—wjwy),

or using the definition (41), 1% = (Awg/T,) (1— wfwy). (44)
After inserting (44) into (42) we get a differential equation for I* (or w/w,) which
may be solved by numerical integration.

2.7. Turbulent boundary-layer flow

In §§2.3 and 2.4 we have assumed that the boundary-layer flow at the cylinder
ends is laminar. This assumption is valid for Reynolds numbers Re = a?w/v
up to about 3 x 10° (see e.g. Schlichting 1958). For Reynolds numbers greater
than 3 x 105 the boundary-layer flow will be turbulent and the radial mass flow
and hence %, will be different from the laminar case. According to the solution
of von Karmén (1921) for the turbulent boundary-layer flow on a rotating disk,
the radial flow integral is f

" udz = 0:035 1% (/) ro. (45)
0

This formula is analogous to equation (8), which corresponds to the laminar

case.
Using again the notation Re = a?w/v for the Reynolds number, equation (45)

can be written as ©
f udz = 0-035a(Re)~* (rw)3/(aw)t. (46)
0

By arguments similar to those used in §2.4 for the laminar boundary layer, it
seems appropriate to generalize equation (46) to

fwudz = 0:035a(R —e)~% (ro —v,)3/(aw)t. (47)
0

According to equation (6) we then have for the radial component of the core
flow: ug(r) = — 0-035(2a/h) (Re)~* (rw — v,)5/(aw)t. (48)

Equation (48) is analogous to equation (17). With «, obtained from equation
(48) equation (4) for the core flow becomes

vy Ky s (%%, %\ _ ,[%*% a(vo/")]
o (T (5?+ r) e e | #9)

where k, = 0-035(2a/h) (Re)~%. (50)
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Analogous to the procedure described in §2.6, we find the equation for the angu-
lar momentum by multiplying equation (49) by 4r2/a*w} and integrating over r.
If we further introduce the dimensionless quantity I* according to equation (41)
we finally have

ar k4 f ’ r(rw —vg)s (3(;:)0)) ar =2 (a(v—"/r))rza. (51)

dwgt (aw)tatw), T aw,\ or

The integral in equation (51) cannot be evaluated as it could for the laminar
case, without knowing how v, depends on r. Only for small times when the v,
profiles are restricted to a narrow zone near the wall r = @, can we approximate
r in the integral by a and obtain

a aa(avo) _ -5 2 l—sa_ 5 2 L3
Jo a(aw —v,)s o dr = [—1—§ a?(aw —vy)® .= 3% (aw)s .
Inserting the last result into (51) and using, for the viscous term on the right side,
the same approximation as in equation (42), we obtain

dIr* 20 w\® 8 W 1 w
W‘rs’%(w—o) ”“(Re)o(w—o) [F a;‘l]’ (52)

where again (Re), = a®w,/v and ky = 0-035 (2a/h) (Re,)~*. In order to evaluate
the integral in equation (51) for later times, when the assumption r % a is no
longer valid, we have to make assumptions about the shape of the velocity pro-
files vy(r). We may assume that the velocity profiles are again given roughly by
equation (32). These profiles, at least, satisfy the compatibility condition (33),
i.e. they are correct near the wall.

Using the v, profiles given by (32) the integral in equation (51) can be evaluated
and expressed by I*. After some lengthy calculation, one finally obtains from
equation (51)

* 2 _I* 2 T*wyfw 2
al _]%(_‘i) u%“’)_zlf P e S “’[1 “’_1],(53)

dwot wy) T (T*w/w)s ") (1—m)is =R—eoc_u; T* w,
For small times, i.e. as long as I*wy/w < 1, the integral approximates to
T.@?(I*wﬂ/w)%’

while (1 — [*wy/w)? ~ 1, and equation (53)reduces to equation (52). Equation (53)
has beenused to calculate the spin decay of a liquid-filled shell for Re, > 3 x 105,

3. Comparison with experiments

In order to test the analysis given in the preceding section, some of the
theoretical predictions have been compared with existing experimental data.
A detailed description of the experimental arrangements is given by Karpov
(1962). A quantity which has been measured directly is the axial spin decay of
liquid-filled shells fired from a gun. After the shell leaves the gun, the angular
velocity decreases continuously. The decrease of angular velocity is caused by
absorption of angular momentum in the liquid and by the torque due to air
friction. The contribution of the air friction, which is usually small, can be
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determined separately by observation of the spin decrease of the empty shell.
The difference, which is due to absorption of angular momentum, has been
plotted for two typical cases in figures 4 and 5. For comparison, the theoretical
curves are plotted in the same diagram and also the curves obtained from the

500 1000 Wyt
| f

10

No secondary flow

wlw,

09 N Theory
N

Experiment

w(w)/w, = 0-853
Ficure 4. Spin decay for laminar boundary-layer flow. Re = 1-76 x 10°,
h/2a = 2-68.

500 1000 Wyl
T I

1-00

099 \ No secondary flow

S .
X~ _ Experiment

096~ Theory

0-95p~

0-94~
w(0)jw, = 0-9425

Ficure 5. Spin decay for turbulent boundary-layer flow.
Re = 6-1x 105, h/2a = 2-68.
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theory without secondary flow. The fineness ratio of the cylindrical cavity was
in both cases A/2a = 2-68. For fineness ratios smaller than 2-68 the effect of the
secondary flow would be even more pronounced.

The Reynolds number for the case plotted in figure 4 was Re = 1-76 x 105 so
that a laminar boundary-layer flow could be assumed, while for the case of
figure 5 the Reynolds number of Re = 6-1 x 105 was above critical and therefore
the formula for turbulent boundary-layer flow was applied.

In addition to observations of spin decay, experiments have been done to
observe the secondary flow itself. To this end an impulsive spin generator was
designed which is described by Stoller (1960). The spin generator consisted of a
liquid-filled cylinder with transparent walls which could be started impulsively
to spin about its axis. A suspension of small particles was dissolved in the liquid,
the specific gravity of the particles being the same as that of the liquid. The
trajectories of the particles could be observed with the aid of a motion camera.
For this type of observation, of course, only transparent liquids could be used.

—e—Theory
——Experiment

zla

—2:66
0 1-0

rla

Ficure 6. Particle trajectories and position of particles at 0-25 sec intervals.

Figure 6 shows some of the observed particle trajectories, or rather the first
part of them, and the particle positions at constant time intervals. Close to the
observed trajectories, theoretical trajectories and particle positions according
to equation (25) are plotted. The agreement is reasonably good. Some deviations
can be explained by the fact that the Reynolds number of the experimental
flow was rather low (Re = 1-83 x 10%) while the theoretical prediction is based on
the assumption of high Reynolds numbers, where the viscous forces in the core
flow can be neglected.

The author is grateful to Dr F.D. Bennett and Dr R.Sedney for advice and
helpful discussions, and to Dr B. G.Karpov, who made the experimental data

accessible.



The unsteady flow within a spinning cylinder 399

REFERENCES
BATCHELOR, G. K. 1951 Quart. J. Mech. Appl. Math. 4, 29.
BopEwapT, U. T. 1940 Z. angew. Math. Mech. 20, 241.
CocurAN, W. G. 1934 Proc. Camb. Phil. Soc. 30, 365.
KArpov, B. G. 1962 Ballistic Research Laboratories Rep. no. 1171.
Lupwiee, H. 1951 Ingenieur-Archiv, 19, 296.
Mack, L. M. 1962 Jet Prop. Lab. Tech. Rep. 32-224.
Mack, L. M. 1963 Jet Prop. Lab. Tech. Rep. 32-366.
Rocers, M. H. & Lance, G. N. 1960 J. Fluid Mech. 7, 617.
ScHLICHTING, H. 1958 Grenzschicht-Theorie, Karlsruhe: Verlag G. Braun.
Squire, H. B. 1953 Aero. Res. Counc., Lond., 16,021,
SrewarTsoN, K. 1958 Boundary Layer Research Symposium, Freiburg, pp. 59-71. Berlin:
Springer Verlag.
StewarTsON, K. 1959 J. Fluid Mech. 5,
SToLLER, H. M. 1960 Ballistic Research Laboratories Tech. Note 1355.
TmirioT, K. H. 1940 Z. angew. Math. Mech. 20, 1.
v. KArRMAN, T. 1921 Z. angew. Math. Mech. 1, 233.





